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Recent realisation of three-dimensional optical lattice clocks circumvents short range collisional
clock shifts which have been the bottle neck towards higher precision; the long range electronic
dipole-dipole interaction between the atoms becomes the primary source of clock shift due to in-
teratomic interactions. We study the Rabi spectroscopy of three-dimensional optical lattice clocks
with unity filling. From the Lindblad equation governing the time evolution of the density matrix
of the atoms, we derive the Bloch equations in the presence of the external Rabi driving laser field,
and solve the equations approximately to the first order of the coupling strength of the dipole-dipole
interaction between the atoms. We find that the clock shift equals to the product of the coupling
strength, a factor determined by the parameters of the Rabi pulse, and another factor depending
on the configuration of the three-dimensional optical lattice. Our result on the clock shift within
the Rabi spectroscopy can be checked by measurement in future experiment.
I. INTRODUCTION
Atomic clocks have been an active research subject for
a long time because of their essential role in both re-
search exploration and practical application. Obstacles
to achieving higher precision have been overcome step by
step through the expenditure to achieve a better atomic
clock [1, 2]. Recently, new efforts have been directed to
fermionic atoms since the Pauli exclusion principle is ex-
pected to help to reduce the collisional clock shifts for
fermionic atoms; one dimensional optical lattice of magic
wavelength has also been used to suppress the Doppler
effect, and collisional clock shifts have been diagnosed
carefully [3–14].
On the other hand, new development in ultracold
atoms on the Mott-insulator transition in Bose-Einstein
condensates and ultracold Fermi gases also inspired ad-
vances in atomic clocks [15–17]. In a recent experiment
[18], a degenerate Fermi gas of 87Sr atoms is loaded into
a three-dimensional optical lattice of magic wavelength
in the Mott-insulating regime. In this strongly corre-
lated regime, atoms prefer to occupying different lattice
sites, which mitigates the collisional clock shifts due to
on-site interactions between atoms. This realization of
fermionic atomic clocks in three-dimensional optical lat-
tices of magic wavelength has pushed the measurement
precision of atomic clocks to a new level. These devel-
opment in atomic clocks also opens a new door for re-
searches such as the search for variation of fundamental
constants and atomic parity violation [19].
However, atomic clocks in three-dimensional optical
lattices still face shifts due to the long range electronic
dipole-dipole interaction between atoms. Atomic clocks
usually make use of two internal electronic states of each
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atom, which are called clock states. One of them is the
ground state |g〉 and the other is the excited state |e〉.
The energy difference between the clock states provides
a standard for frequency, and therefore time. The off-
diagonal matrix elements of the electronic dipole moment
~d of each atom in the subspace spanned by the two clock
states are nonzero, i.e., 〈e|~d|g〉 6= 0, such that external
laser fields can be used to couple to the electronic dipole
moment of atoms to generate a superposition of the two
clock states for each atom, and subsequently the energy
difference can be extracted out via the time evolution
of the atomic clocks. The same nonzero off-diagonal ma-
trix elements of the electronic dipole moment 〈e|~d|g〉 give
rise to the long range dipole-dipole interaction between
atoms. The master equation have been adopted to exam-
ine the effects of the long range dipole-dipole interaction
on the Ramsey spectroscopy and spin-squeezing [20, 21].
The Rabi spectroscopy is another widely used experi-
mental method to probe clock shifts [7, 10]. In this work,
we study the Rabi spectroscopy for a cloud of fermionic
atoms with unity filling in a three-dimensional optical
lattice. We start with the Lindblad equation governing
the time evolution of the density matrix of the atoms, and
derive the Bloch equations in the presence of the exter-
nal Rabi driving laser field. We solve the Bloch equations
to the first order of the coupling strength of the dipole-
dipole interaction between atoms. We find that the clock
shift equals to the product of the coupling strength, a
factor determined by the parameters of the Rabi pulse,
and another factor depending on the configuration of the
three-dimensional optical lattice. Being specific, for 87Sr,
the resultant clock shift yields typically a relative preci-
sion of 10−18. By tuning the configuration of the three-
dimensional optical lattice, one can further mitigate the
clock shift due to the dipole-dipole interaction thanks to
the Brag scattering. Our result on the clock shift in the
Rabi spectroscopy can be compared with measurement
in future experiment.
ii
II. THE LINDBLAD EQUATION
We consider the situation that there is at most a single
atom on each lattice site in the three-dimensional opti-
cal lattice clock, such that short-range collisional shifts
become absent, and the primary interatomic interaction
is due to the dipole-dipole interaction [18]. During the
time evolution of the clock, the electronic state of each
atom is generally a superposition of the two clock states,
the ground state |g〉 and the excited state |e〉. The off-
diagonal matrix elements of the electronic dipole moment
~d of each atom in the subspace spanned by the two clock
states are nonzero, i.e., 〈e|~d|g〉 6= 0, which gives rise to
the dipole-dipole interaction between the atoms. In ad-
dition, the same nonzero off-diagonal matrix elements of
the electronic dipole moment is also the source for the
finite (though usually quite long) lifetime of the excited
clock state. Thus the interaction and the lifetime shall
be treated on the same footing [20].
The Lindblad equation is an ideal formalism to take
into account dissipation [22]. Starting from the atoms
coupled to a radiation field via their electronic dipole mo-
ments and assuming the radiation field relaxes rapidly to
its vacuum state, previous works have derived the Lind-
blad equation applicable to our problem as [20, 21, 23, 24]
∂ρ
∂t
=
1
i~
[H0 +Hdd +Hdrive, ρ] + L[ρ], (1)
where ρ is the density matrix for the atoms. The free
Hamiltonian is
H0 =
~ω0
2
∑
a
σza (2)
and the dipole-dipole interaction Hamiltonian is
Hdd =
~Γ
2
∑
a,b(a 6=b)
g(k′~rab)σ
+
a σ
−
b . (3)
Coupling between the atoms and external driving fields
is described by Hdrive. The dissipation is captured by
L[ρ] = −Γ
2
∑
a,b
f(k′~rab)({σ+a σ−b , ρ} − 2σ−b ρσ+a ). (4)
For the ath atom, the pesudo-spin operators ~σa are de-
fined as σza = |ea〉〈ea| − |ga〉〈ga|, σ+a = |ea〉〈ga| and
σ−a = |ga〉〈ea|. The wavelength k′ is resonant with re-
spect to the transition |g〉 ↔ |e〉, i.e., ck′ = ~ω0. The
spontaneous decay rate of the excited clock state is Γ.
The magnitude of Hdd is also proportional to Γ because
the dipole-dipole interaction is due to the exchange of
the radiation field between the atoms.
The explicit expressions of f(~v) and g(~v) are given by
f(~v) =
3
2
[
sin2 θ
sin v
v
+ (3 cos2 θ − 1)
(
sin v
v3
− cos v
v2
)]
g(~v) = −3
2
[
sin2 θ
cos v
v
+ (3 cos2 θ − 1)
(
cos v
v3
+
sin v
v2
)]
,
(5)
where θ is the angle between ~v and the dipole polariza-
tion direction. In case that the atomic clock is driven by
an external linear polarized laser field, the dipole polar-
ization direction should be parallel to that of the laser
field. In the following calculation, we assume the dipole
polarization is in the z direction.
In the long wavelength limit k → 0, the leading term of
Hdd is (3~Γ/4k
′3)
∑
a 6=b(1 − 3 cos2 θ)σ+a σ−b /r3ab, which is
the familiar static form of the dipole-dipole interaction.
In the same limit, the dissipation part becomes L[ρ] =
−(NΓ/2)({Σ+Σ−, ρ} − 2Σ−ρΣ+) with the total pseudo-
spin ~Σ =
∑N
a=1 ~σa/
√
N ; the long wavelength radiation
field induces loss by coupling to the total pseudo-spin.
III. THE RABI SPECTROSCOPY
The Rabi spectroscopy is a widely used method to ex-
tract shifts in atomic clocks [7, 10]. The procedure of the
spectroscopy is as following. The atoms are initially pre-
pared in one of the two clock states, e.g., the ground state
|g〉. A π-pulse of a linear polarized laser with frequency
ωL (≈ ω0) is applied to the atoms. After the pulse the
fraction of the atoms transited to the other clock state
P is measured; Overall, P shall be smaller for larger de-
tuning δ ≡ ωL − ω0. In the absence of interatomic in-
teractions, P shall be symmetric with respect to δ, i.e.,
P (δ) = P (−δ) [7, 10]. Generally speaking, this symme-
try is no longer respected when interatomic interactions
set in. Thus experimentally, the clock shift δc can be
determined by measuring one red detuning δR (< 0) and
one blue detuning δB (> 0), which give rise to the same
final transited atom fraction P , i.e., P (δR) = P (δB); the
clock shift is defined as δc = δR + δB. For the sake of
sensitivity, in experiment δR is usually chosen such that
P (δR) has a large derivative.
The experimental observable P (δ) can be obtained the-
oretically by calculating the expectation value of the z
component of the total pseudospin
〈Σz〉 = Tr
(∑
a
σzaρ(t)
)
=
∑
a
〈σza〉 . (6)
If one starts with all the atoms in |g〉, at the end of the
pulse, the transited fraction to the state |e〉 is P = (1 +
〈Σz〉/N)/2. The time evolution of the density matrix is
governed by the Lindblad equation (1), in which, for the
Rabi spectroscopy, in the rotating frame after applying
the rotating wave approximation, the drive Hamiltonian
is
H ′drive =
∑
a
i~Ω0(σ
+
a e
i~k·~ra − σ−a e−i~k·~ra) (7)
and the free Hamiltonian becomes
H ′0 = −
~δ
2
∑
a
σza, (8)
iii
whileH ′dd = Hdd and L[ρ] is invariant. Here ~k is the wave
vector of the Rabi driving laser, and Ω0 is the Rabi fre-
quency proportional to the nonzero off-diagonal matrix
element of the electronic dipole moment 〈e|dz|g〉, since
we assume the polarization of the Rabi driving laser is
along the z direction. The combined Hamiltonian has
the form
H ′0 +H
′
drive = −
∑
a
~Ba · ~σa, (9)
with the effective field ~Ba = (~Ω0 sin(~k · ~ra), ~Ω0 cos(~k ·
~ra), ~δ/2) in the Cartesian coordinates. In the follow-
ing calculation, we assume ~k is along the x direction.
Note that since we are interested in small detuning, i.e.,
|δ| ≪ ω0, to the lowest order we neglect the magnitude
difference between k and k′. For simplicity, we have also
neglected the possible variation of Ω0 for different atoms
due to the small spatial imhomogeneity in the driving
laser intensity [7, 10].
IV. THE BLOCH EQUATIONS
We derive the Bloch equation governing the evolution
of the pseudospin of each atom from the Lindblad for-
malism, Eq. (1), and have
∂ 〈σza〉
∂t
=2Ω0[
〈
σ+a
〉
eikxa +
〈
σ−a
〉
e−ikxa ]− Γ 〈σza〉 − Γ
− Γ
∑
b( 6=a)
[f(k~rab) + ig(k~rab)]
〈
σ+a σ
−
b
〉
− Γ
∑
b( 6=a)
[f(k~rab)− ig(k~rab)]
〈
σ−a σ
+
b
〉
, (10)
and
∂ 〈σ+a 〉
∂t
=− iδ 〈σ+a 〉− Ω0 〈σza〉 e−ikxa
− Γ
2
〈
σ+a
〉
+
Γ
2
∑
b( 6=a)
[f(k~rab)− ig(k~rab)]
〈
σzaσ
+
b
〉
.
(11)
The equation of motion for 〈σ−a 〉 can be obtained by tak-
ing the complex conjugate of Eq. (11).
To solve for 〈σia〉, one needs to determine the behavior
of second order correlation functions 〈σiaσjb〉 for b 6= a,
whose equation of motion likewise depends on third order
correlation functions 〈σiaσjbσℓc〉. This dependence of lower
order correlation functions on higher order ones continue
to order N where N is the total number of atoms. Since
the excited clock state is usually very long lived, i.e., Γ
is small, we solve Eqs. (10) and (11) perturbatively to
the first order of Γ. We define σ˜+a = σ
+
a e
ikxa , σ˜za = σ
z
a,
σ˜xa = σ˜
+
a + σ˜
−
a and σ˜
y
a = −i(σ˜+a − σ˜−a ); at t = 0, the initial
wavefunction is
∏N
a=1 |ga〉 and
〈σ˜za(0)〉 =− 1, (12)〈
σ˜+a (0)
〉
=0. (13)
Thus we cast Eqs. (10) and (11) into the following form
(
∂
∂t
−Q
)〈σ˜xa〉〈σ˜ya〉
〈σ˜za〉

 = Γ

 F+a + F−a−i(F+a − F−a )
F za

 , (14)
where
Q = 2Ω

 0 cosφ − sinφ− cosφ 0 0
sinφ 0 0

 , (15)
and
F+a =−
1
2
〈σ˜+a 〉0 +
1
2
∑
b( 6=a)
hab〈σ˜za〉0〈σ˜+b 〉0 (16)
F za =− 1− 〈σ˜za〉0 −
∑
b( 6=a)
hab〈σ˜−a 〉0〈σ˜+b 〉0
−
∑
b( 6=a)
h∗ab〈σ˜+a 〉0〈σ˜−b 〉0 (17)
F−a =(F
+
a )
∗ (18)
with
hab =[f(k~rab)− ig(k~rab)]eik(xa−xb), (19)
Ω =
√
Ω20 + δ
2/4, (20)
and cosφ = δ/2Ω and sinφ = Ω0/Ω.
The zero order solutions 〈~σa〉0 are obtained by taking
Γ = 0 in Eq. (14), and have the explicit forms
〈
σ˜+a (t)
〉
0
=
1
2
sinφ sin(2Ωt)− i
2
sinφ cosφ[1− cos(2Ωt)],
〈σ˜za(t)〉0 =− cos2 φ− sin2 φ cos(2Ωt).
(21)
When neglecting the electric dipole coupling between
the two clock states, after a π-pulse, i.e., 2Ω0t = π,
the transited fraction of atoms to the excited state
is P (δ) = sin2
(
(π/2)
√
1 + (δ/2Ω0)2
)
/[1 + (δ/2Ω0)
2],
which is symmetric in δ as shown in Fig. 1.
To solve Eq. (14) to first order of Γ, we employ the
Green’s function G(t) which satisfies [10](
∂
∂t
−Q
)
G(t) = δ(t) (22)
with the initial condition G(0+) = 1 and G(0−) = 0. In
the matrix form
G(t) = θ(t)R

1 0 00 e−i2Ωt 0
0 0 ei2Ωt

R†, (23)
with
R =
1√
2

 0 i −i√2 sinφ cosφ cosφ√
2 cosφ − sinφ − sinφ

 , (24)
iv
Thus from Eq. (14), we have
〈σ˜xa (t)〉〈σ˜ya(t)〉
〈σ˜za(t)〉

 =G(t)

〈σ˜xa (0)〉〈σ˜ya(0)〉
〈σ˜za(0)〉


+ Γ
∫ t
0
dt′G(t− t′)

 F+a (t′) + F−a (t′)−i[F+a (t′)− F−a (t′)]
F za (t
′)

 .
(25)
We find explicitly
〈σ˜za〉 = 〈σ˜za〉0 +
Γ sin2(φ)
2Ω

−18 [6 sin(τ) sin2(φ) + 4τ cos2(φ) + τ cos(τ)(cos(2φ)− 5)]+ Im

∑
b( 6=a)
hab


×
[
1
4
cos(φ)
[
sin(τ)(sin(τ) − τ) sin2(φ) + 2 cos2(φ)(τ sin(τ) + 2 cos(τ) − 2)]]
−Re

∑
b( 6=a)
hab

 sin2 (τ
2
) [
sin(τ) sin2(φ) + τ cos2(φ)
] (26)
with τ = 2Ωt, and Im
(∑
b( 6=a) hab
)
= f(k~rab) sin(kxab) − g(k~rab) cos(kxab), and Re
(∑
b( 6=a) hab
)
=
f(k~rab) cos(kxab) + g(k~rab) sin(kxab).
V. CLOCK SHIFT
Compared with the non-interacting case in which the
excitation fraction P (δ) after a π-pulse is symmetric in δ
as shown in Fig.1, the dipole-dipole interaction gives rise
to terms of order Γ in the expression of 〈σ˜za〉 and makes
the profile of P (δ) asymmetric; the maximum value of
P (δ) thus shall shift to a nonzero value of δ.
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FIG. 1: The excitation fraction P versus the detuning δ
for free atoms after a π-pulse, i.e., 2Ω0t = π.
We quantify the value of the clock shift δc in the way
mentioned in Sec. III as
〈Σz(−δ)〉 = 〈Σz(δ + δc)〉, (27)
where δ is a reference frequency which shall be chosen
to enhance the sensitivity ∂〈Σz〉/∂δ. Since usually δ/Ω0
chosen to be ∼ 1 (c.f. Fig. 1) and δc ≪ δ, to the lowest
order, we have [10]
δc = −〈Σz(δ)〉 − 〈Σz(−δ)〉
∂〈Σz〉/∂δ (28)
From Eq. (26),
〈Σz(δ)〉 − 〈Σz(−δ)〉
=
Γ
4Ω
Im

 ∑
a,b(a 6=b)
hab

 sin2(φ) cos(φ) [sin(τ)(sin(τ)− τ)
× sin2(φ) + 2 cos2(φ)(τ sin(τ) + 2 cos(τ) − 2)] . (29)
On the other hand, we approximate ∂Σz/∂δ to zero order
of Γ and find
∂〈Σz〉
∂δ
=
N
2Ω
sin2(φ) cos(φ)[τ sin(τ) + 2 cos(τ) − 2].
(30)
Thus after a duration τ(= 2Ωt),
δc/Γ =A(φ, τ)Fdd (31)
with
A(φ, τ) = sin2(φ)
[τ − sin(τ)] sin(τ)
2[cos(τ) + τ sin(τ) − 2] − cos
2(φ)
(32)
vand
Fdd =
1
N
∑
a,b(a 6=b)
[g(k~rab) cos(kxab)− f(k~rab) sin(kxab)].
(33)
Besides the magnitude of Γ, the value of δc depends
on two factors: The first factor A(φ, τ) is a coefficient
determined by the specific Rabi spectroscopy parameters
i.e., Ω0, t and δ. The second factor Fdd is due to the finite
electronic dipole coupling between the two clock states;
since both f(k~rab) and g(k~rab) are present, the decay of
the excited clock state and the interatomic dipole-dipole
interaction both contribute of first order of Γ. In the
Ramsey spectroscopy, of order Γ, the clock shift has the
same structure as Eq. (31); the first factor is different
while the second one is still Fdd [20].
To be specific, let us take a π-pulse, i.e., 2Ω0t = π, and
choose δ/Ω0 ≈ 1.6 where the excitation fraction in the
absence of interactions equals 1/2. With these parame-
ters, the value of the coefficient is A ≈ 0.212712. In the
practically useful region where |δ/Ω0| is about between
1 and 2, Figure (2) shows that the coefficient A varies
around 0.2.
1.0 1.2 1.4 1.6 1.8 2.0
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FIG. 2: The clock shift coefficient A versus the reference
detuing δ after a π-pulse.
The other factor Fdd depends on the configuration of
the lattice populated by the atoms. In the newly realized
Fermi-degenerate three-dimensional optical lattice clock
[18], three pairs of linearly polarised counter-propagating
laser beams in each directions are used to produce the op-
tical lattice, which is a primitive cubic lattice. The wave-
vector magnitude of the lattice laser kL is roughly k/1.07
[3]. For N = 105 atoms unity filling in this cubic lattice,
our numerical calculation yields Fdd ≈ 1.74682. Overall,
δc/Γ ≈ 0.37157 at the reference detuning δ/Ω0 ≈ 1.6.
Thus for 87Sr, of which the clock transition wavelength
is about 698 nm and Γ ≈ 6×10−3 Hz, δc is at the relative
level of 10−18.
It has been shown that by tuning the lattice config-
uration, one can reduce the value of Fdd [20, 25]. For
example as shown in Fig. 3, based on the primitive cubic
lattice configuration, one can vary the angle 2θ between
the two pairs of the counter-propagating laser beams in
the xy plane. The resulting lattice is a base-centered or-
thorhombic lattice (except for θ = π/4 which is a tetrago-
nal lattice). Another possible tuning is the relative angle
between the driving laser and the lattice lasers. We pa-
rameterise the orientation tuning of the driving laser in
the xy plane in terms of α, the angle between its orien-
tation and the positive x direction, which is represented
by the dashed line in Fig. 3.
FIG. 3: Experimental setup for three dimensional optical
lattice with six counter propagating laser beams. The
four laser beams in xy plane has angle θ with Y axis.
The dashed line represents the tuning of the driving laser
orientation away from the positive x direction with an
angle α.
For simplicity, let us first evaluate Fdd as a function
θ for α = 0. It is convenient to assume the following
approximation for a large lattice sample [20]
Fdd =
2
N
∑
pairs
[g(k~rab) cos(kxab)− f(k~rab) sin(kxab)]
=
1
N
∑
~R 6=0,R<2r0
U(k ~R)N(~R)
=
1
N
∑
~R 6=0,R<2r0
U(k ~R)
∫
d~rρ(~r)ρ(~r + ~R)V,
(34)
where the lattice vector difference ~R takes the values
m~a1 + n~a2 + l~a3 with m,n, l integers and the lattice
vectors ~a1 = (π/2kL sin θ)eˆx + (π/2kL cos θ)eˆy, ~a2 =
(π/2kL sin θ)eˆx − (π/2kL cos θ)eˆy and ~a3 = (π/kL)eˆz.
The number of pairs of atoms separated by ~R is denoted
by N(~R), and U(k ~R) = g(k ~R) cos(kRx). Note that since
f(k~rab) sin(kxab) is an odd function of ~rab, its summation
drops out of Eq. (34).
For a spherical cloud of N atoms populating the lattice
with unity filling per site, the coarse-grained atomic den-
sity ρ is uniform inside the cloud and equal to 1/V with V
the unit cell volume of the lattice, and is zero otherwise.
The spherical cloud has a radius r0 = (3NV/4π)
1/3
. The
pair number N(~R) can be calculated with the density ρ
times the overlapping volume of two spheres whose cen-
ters are shifted with distance R. This overlapping volume
vi
equals ∫
d~rρ(~r)ρ(~r + ~R)V 2
=2
∫ arccos( R
2r0
)
0
sinψdψ
∫ r0
R
2 cosψ
drr2
∫ 2π
0
dφ
=
4π
3
(
r30 −
3Rr20
4
+
R3
16
)
.
(35)
Thus for N = 105 atoms filling the lattice with unity, Fdd
as a function of θ is shown as the curve labeled α = 0 in
Fig. 4.
Α=0.0
Α=0.05Π
Α=0.075Π
0.18 0.20 0.22 0.24 0.26
ΘΠ
-20
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20
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FIG. 4: Fdd as a function of θ for various α, the angle
between the driving laser and the x axis.
Figure 4 shows that Fdd is rather sensitive to θ and
can be suppressed or even cancelled for certain values
of θ. There are positions where the magnitude of Fdd
could very large which can be understood as due to the
constructive Bragg scattering [20]. Meanwhile, there are
also positions where Fdd is close to zero as a result of
the destructive Bragg scattering. These positions can be
utilized in experiment to reduce the clock shift induced
by the dipole-dipole interaction. We also examine cases
of the small deviation angle α between the direction of
driving laser and the x axis. Figure 4 shows similar be-
haviors of Fdd for small angle α 6= 0 though the curves
are shifted a bit in terms of θ.
VI. SUMMARY
In summary, we study the clock shift in the Rabi spec-
troscopy due to the dipole-dipole interaction between
atoms. We derive the analytic expression of the clock
shift to first order of the interaction strength for three-
dimensional optical lattice clocks. Numerically evalua-
tion shows that the clock shift shall be at the 10−18 level
for 87Sr though further suppression of the clock shift is
possible by tuning the lattice configuration. Our result
provides comparison with future experiments.
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